
4.4 – Applications of Second-Order 

Homogeneous Linear Differential Equations 
 

Simple Harmonic Motion 

 

A particle moving in a naturally vibratory manner (oscillating 

back and forth) in a medium with negligible resistance has free 

undamped or simple harmonic motion with equation  
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where y is the position of the particle at time t and k is a constant 

of proportionality.  

 

Hooke’s Law: Motion of a Spring 

 

An example of simple harmonic motion is the motion of a 

spring. Consider the motion of an object of mass m at the end of 

a spring that is either vertical or horizontal on a level surface. By 

Hooke’s Law, if the spring is stretched (or compressed) y units 

from its natural length, then the spring exerts a “restoring” force 

directly proportional to the length y, given by 

 

 F ky   (2) 

 

where F is the “restoring” force, k is a constant of 

proportionality called the spring constant, and y is the distance 

the spring has been stretched. 

 



1. Let 0y   be the equilibrium position of the spring described 

above. Suppose the spring is stretched an additional y units 

after coming back to equilibrium. Use (2) to show that the 

motion of the spring may be defined by (1).  

 



2. A spring with a mass of 2 kg has natural length 0.5 m. A 

force of 25.6 N is required to maintain a stretched length of 

0.7 m. If the spring is stretched to a length of 0.7 m and then 

released with initial velocity 0 m/s, find the position of the 

mass (a) at time t, and (b) at 10t   seconds. 

 



Damped Harmonic Motion 

 

Damped harmonic motion involves a particle in harmonic 

motion subject to a resistance or damping force. We will 

consider the simple case such that the damping force is 

proportional to the velocity of the particle. The differential 

equation which models such damped harmonic motion is given 

by 
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3. Find a general solution for (3). Discuss the three cases 

presented by the general solution. 



4. Suppose that the spring from example 2 is immersed in a 

fluid with a damping constant of 40c  . If the spring starts 

from equilibrium, and is then released with initial velocity 0.6 

m/s, find the position of the mass (a) at time t, and (b) at 1t   

second. (c) Is the motion of the spring underdamped, 

critically damped, or overdamped? (d) For what value(s) of c 

will the spring exhibit the other two types of damping? 

 


